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METHODOLOGY OF STATICS AND DYNAMICS MODELING OF
SINGLE-CHARGED IONS EXCHANGE IN WATER TREATMENT
METO/I0JI0T S MOJEJIUPOBAHUSI CTATUKU U JTUHAMUKH
OBMEHA OJJHO3APSIJTHbIX HOHOB B BOJONOJIOTOBKE

Summary. The features of complex calculations, which are revealed, will
help teachers and students implement the proposed methodology in the
educational process. The mathematical models for the exchange of singly charged
ions in statics and dynamics conditions are designed and methods of their
solution in MathCAD are proposed. Convex isotherms of ion exchange lead to
«breakage front» of concentrations (their rapid decrease) distinctly visible at 2D
and 3D figures. The proposed model provides varying technological and design
parameters as input data in order to estimate their effect on the exchange
process quality.

Key words: ion exchange, exchange isotherm, ion charge, mathematical

model, dynamics of the equilibrium exchange.

Annomauyusn. Packpvimvl 0COOEHHOCMU CRONCHBIX pPACYemos, KOMopble
nomocym npenooagamensim U CMyoOeHmam peaiuz08amv NPeOOHNCEHHYIO
Memooonozuto 8 yuebnom npoyecce. Pazpabomanvl mamemamuueckue mooenu
0OMeHa O0O0HO3APSAOHLIX UOHOB 8 CMAMUYECKUX U OUHAMUYECKUX YCIOBUSAX U
npeonodicenvl Memoowvl ux peuierusi 8 nakeme MathCAD. Bvinykivle uzomepmoi
UOHHO20 0OMeHa Npueoosim K «0OPbIGHOMY (HpOHmMY» KOHYewmpayuu (ux
OviIcmpomy YyMeHbUleHUI0), Omuemauso euoumomy ua 2D u 3D pucyukax.
Ilpeonosicennas modenv 6apvupyem pAIUYHLIMU — MEXHOJLOSUYECKUMU U
KOHCMPYKMUBHBIMU NAPAMEMPAMU 8 Kauecmee UCXOOHbIX OAHHbIX O] OYeHKU
UX 8IUAHUSL HA KAYecmeo npoyecca 0OMeHa.

Knioueevie cnosa: uonmwiii obmewn, uzomepma o0OMeHA, 3apsd UOHA,

mamemamudecKkas MO()@]Zb, OUHAMUKA PABHOBECHO20 obmena.
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Introduction. The scientific and technological progress of the last decades
is based on the widespread use of computer technologies in any processing of
experimental data, designing of modern productions, creation of automated
control systems. The technical high school has an important task - to educate
and train specialists in chemical technology and engineering, who can to
actively use modern software packages and shells. This article is an example of
mastering complex ion-exchange calculations in MathCAD. Ion exchange is one
of the typical processes of water purification and one of perspective sorption
methods. It is carried out by the usage of ion exchange materials. The problem
of calculation of filter is conditionally divided on the task of describing static
(equilibrium) and the modeling of dynamic of ion exchange, including charges
of ions that are capable to exchange. Isotherms of ion exchange determine the
movement of ions that are absorbed and are part of the mathematic model of
ion-exchange filters — the main technological equipment of heat and atomic
electric stations. The stage of the work cycle of the ion-exchange filter is carried
out at convex isotherm. Ion exchange at convex isotherm allows increasing the
concentration in ion exchanger in comparison with their concentration in
solution. Regeneration is realized at concave isotherm. The dynamic model must
include the fact that at passing of solution through the filter, different
concentration points will move with different rates. Depending on the kind of
isotherm — convex or concave — «breakage» or «blurred» concentration front can
be observed, respectively.

The goal was to design the mathematic model of static and dynamic of ion
exchange for single charge-ions. For reaching this goal it was necessary to bring
out the equation of isotherm of ion exchange, basing on the law of mass action,
to adapt the mathematic apparatus and software solutions for single-charged
ions.

Ion exchange equilibrium. Ion exchange is a reverse process. The

equilibrium is established according to the law of mass action. Rates of direct
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and reverse reactions for the reaction of single-charged or same-charged ions
A+ B> B+ A4 (for example, RH + Na" = RNa + H") are equal at equilibrium:
ki-Q,-Cp=k,-0p-C,, (1)

where ki, ka — rate constants for direct and reverse reaction, 0, =44, 0, =92 —
9 4

relative concentrations of exchangeable ions 4 and B in phase of ion exchanger;

C . . . . .
C,=-4, C,=-% — relative concentrations of ions A and B in phase of solution,
0 =)

at these conditions concentrations of A and B in solution ¢, +c¢,=¢,, and an
anion exchanger ¢, +q, =¢, (qo responds of total exchange capacity). If taking

into account that O, +Q, =1;C, + C, =1, the equation (1) can be written as:

k- (1=0p)-Cp = ky - Oy - (1= C). (2)
A solution of the equation (2) relatively Qgis:
0, k- Cy (3)

Cky-(1-Cy) +k-Cy
Division of numerator and denominator on k» gives:

0,- kG @)
Pl k-1)-C,

where k=ki/k; — equilibrium constant. The equation (4) is known as the

exchange adsorption equation. At k>>1 it is turned into the equation of convex

isotherm of Langmuir:

_ kG ®)
Os 1+k-C,

and at k<<I — into the equation of concave isotherm:

_ kG (6)

0,=1¢"

The equation k = 1 gives linear isotherm:
Q5 =Cy (7)
Provided that (1), by the equation:
ki-Qa (1 - Ca) =k (1 - Qa)-Ca
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the equation for component A (k=ki/kz) can be taken:

_ CA
k+C,-(-C,)"

Q4

The equation, similar to (4), for component A is taken k*=ko/k;:

_ k*C,
1+(k*-1)-C,

0, (8)

Equations (4) and (8) are similar and different by equilibrium constants.
The case of an exchange of single-valence ions, describing by equations (4), (5)
and (8), is the most common form its analysis and attention in the scientific
literature [1-4].

Dynamic of ion exchange. The dynamic (sorption at the relative and
direct movement of phases) of ion exchange can be described by the model of
the dynamic of equilibrium isotherm adsorption [1, 3], including that ion
exchange and adsorption are similar. At designing a mathematic model of ion
exchange filter, working at equilibrium conditions, it can be considered, that at
passing the solution of ion through the infinitely small layer of ion exchanger,
the equilibrium is established instantly. This allows ignoring rates of transferring
ions in absorbable solution because concentrations in solution and on the surface
of ion exchanger are equal.

The mathematic model of filter operation, working at equilibrium
conditions, is a system of equations, consisting of the equation of material
balance and static of equilibrium. The equation (4) is used in case of an
exchange of single-charged ions, and the equation of material balance in

dimensionless form is:

0CEZY () 2CED _

0. 9
at wave aZ ( )

Calculation of wave speed V.

wave

is carried out by the following equation

(the first derivative form eq. (4) 1s included):
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Vwave(Z,k) = A ral . (10)
+ p-rat

[1+C(Z)-(k-DT

In equations (9) and (10): p — volume fraction of water (porosity of
ionite); Z — independent variable — coordinate in dimensionless form Z=z/L;
independent variable — time in dimensionless form /= 7 w/L; z — the direction of
axis of filter; L — height of the layer of ionite; w — rate of movement of solution
in free cross-section of the filter; r — time of filter operation in inter-regeneration

. o . . . . C
filter; rat — dimensionless distribution correlation: Rat=-".

40

The equation (9) (the mathematic model of ionite filter is reduced to it) is
a quasi-linear homogeneous equation in partial derivatives of hyperbolic types.
Its solution by the method of characteristics in MathCAD for the exchange of
single-charged ions is given in [3].

According to assumptions, made above, the process of the dynamic of
exchange is described only by the system of two equations, and the mathematic
model of filter operation contains the differential equation (9) and equation of
isotherm of ion exchange (3). Limit conditions of the system will be the
following:

the concentration of ion B in solution before contact with layer c(0, ¢) = co;
the concentration of ion B in ionite before exchange q(z, 0) = 0.
The first equation points out, that solution with constant concentration co is over
the layer of ionite z = 0 at any moment of time t. The second one — that at an
initial period time (t =0) on an altitude of the layer of ionite z absorbable ion
Bis absent.

A common model of the dynamic of ion exchange in a non-movement
layer is a model of the frontal working out of the ionized layer. The
concentration of a component inflow is extremely increased at the passing of the
«frontal» layer at an initial period time. The concentration of an ion in the

«frontal» layer reaches equilibrium amount and it isn't changed during the
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process, thanks to the continuous raising of substance with the flow. The
operation time of the layer till saturation of the «frontal» area is called the period
of formation of the exchange front. The second period is begun then. The
constant form of the initial curve is observed for it. The front of concentration is
moved with a constant linear rate w along with the layer. This is evidenced by
the stationary mode of the process. The «working layer» is existed as a zone of a
mass movement. The concentration is decreased inflow from initial to
practically zero: at Z=0 Z=0 C=Cy=1 and Q=0, at Z =1 C=0.

We ask the initial distribution of concentration along the filter C(Z) as:

C(Z) = Co exp(-5-2)= exp(-5-Z), (11)
where Cp= 1.

Calculations. The solution of the equation (4), (9), (10) and (11) in

MathCAD [3] had been used by us. The initial data were the following:
The porosity of ionite: p=0,6; the concentration of ion B in water, g-eq./m>,
co=6; total exchange capacity of cationite, g-eq./m>, qo=2000; the linear speed of
water w=10 m/h; the height of the layer of ionite L=2,5 m; operation time of
filter during inter-regeneration period 7 =20 h;

Limit amounts of coordinates of points Z: Zmin=0; Zmax=1. According to
initial data in  dimensionless form  tmin=0; tmax=TW/L=20-10/2,5=80;
dimensionless distribution ratio Rat = co/qo = 6/2000 = 0,003. Change of
dimensionless concentration (matrix): ¢:=0,0.01..1

To facilitate the self-realization of the above material, a fragment of the

program in MathCAD is provided in Figure 1.
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2
1 C(Zy=e (5-2)

Rat

Tware(Z.8 = —

+ (p-Rat)
[1+C(D(k-1)]

ZI1(t,2) = Z + t-Vwave(Z kl)
Z2(t,2) = Z + t-Vwave(Z k)

2 Zmin =0 Zmax = 1 Ni:=40
tmin = 0 tmax = 80 bij o=l
i=0.MNi i = 0. Nj
7. = Zmin + (Zmax — Zmin)- —

M Ni
. = tmin + (tmax — tmin)- -
] Nj
3 21, . =212, Y
Gk j = Y04 T .= ¢ .=z
@] tmax g =

XS}

Z2. . =221, Z)
A '] ] 1

Fig. 1. Fragment of the program in MathCAD 13

Double- and triple-dimension (spatial-temporal) dependences of
concentrations of single-charged (fig. 2) along the axis of the filter had built.
Digits 0, 40 and 80 respond to the dimensionless time t.

«Breakage» front is observed for convex isotherms of ion exchange of
single-charged ions (the most applicable value). The front of such hypothetic
form, when the concentration of ions in solution is changed jump-like from ¢ =

co (C=1)toc=0(C=0) (fig. 2).
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Fig. 2. Double and triple dimension dependence of the concentration of single-charged
ion along the axis of the filter C;o, Ci40, Ciso from Z1i, Z1i 40, Z1is0 for exchange

constant k=2,56 — eq. (4)

Conclusions. The equations are derived for isotherms of ion exchange
relatively single-charged ions. The principle of determination of an equilibrium
constant in Excel and calculations for different initial concentrations of single-
charged ion in solution had given. The algorithm and program had creatively
adapted in Mathcad for calculations of filtration and designing of double- and
triple-dimension dependences of concentration of ion along the axis of the filter.
The features of complex calculations, which are revealed, will help teachers and

students implement the proposed methodology in the educational process.
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